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ANOMALOUS DIFFUSION
SUPERDIFFUSION & SUBDIFFUSION

super-diffusion

H | <(Ax)2> X Kfté: 4(ﬂ$)2> —0%~ t'*

0 < &< 1: sub-diffusion
E=1: normal (Gaussian) diffusion

5 > 1 ‘ super—diﬁusion Perrone et al. 2013
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SUPERDIFFUSION UNIVERSITAT
EVIDENCE IN THE HELIOSPHERE
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Electron fluxes upstream of interplanetary reverse shock lon fluxes upstream of solar wind termination shock, Perri &
detected by Ulysses, Perri & Zimbardo, 2007/ Zimbardo, 2012

SUPERDIFFUSIVE TRANSPORT -5s. AERDKER - TPIV RUB - SOPHIE.AERDKER@RUB.DE 3



RUHR

SUB- & SUPERDIFFUSION UNIVERSITAT
TIME- & SPACE-FRACTIONAL TRANSPORT EQUATION

RUB

af((-;cta ) _ DI (ivf(x) n KV“)f(x, )

0X /,

K= )zg‘/*?
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SUB- & SUPERDIFFUSION UNIVERSITAT
TIME- & SPACE-FRACTIONAL TRANSPORT EQUATION

RUB

5f(aX; ) D\ (ivf(x) + KV“)f(X, f)

0X /,

K= K\%l/ ¢
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SUPERDIFFUSION onversmir [ 5
SPACE-FRACTIONAL DIFFUSION-ADVECTION EQUATION
p=1

04

o|x|”

0 0
- fx, 1) + a— flx, 1) = K flx, 1) + 6(x)

{

hel = mb;s
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SUPERDIFFUSION UNIVERSITAT

STOCHASTIC DIFFERENTIAL EQUATION:
LEVY FLIGHTS

RUB

— 1/2 300000
dx = u(x)dr + \/EK dw,
_ 1/“ 200000
dx = u(x)dr + \/EK' dL,, -
» Wiener process dW, « nyt'/* is exchanged by 100000
1/

Lévy process dL, ;¢

50000

e Random numbers 17; are drawn from

a-stable I—evy distribution. Sample of 107 random numbers drawn from a a-stable

Lévy distribution
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SUPERDIFFUSION UNIVERSITAT

RUB

STOCHASTIC DIFFERENTIAL EQUATION:
LEVY FLIGHTS
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LEVY FLIGHTS ERSITAT
IMPLEMENTATION IN CRPROPA

e Stochastic Ditterential Equation solved with Euler-Maruyama scheme in
SDESolver:

X=X +AAt+ B At

o Lévy parameter a is set by setLevy() function, default is Gaussian (a = 2)

* Random numbers 7, ; are drawn from a-stable Lévy distribution (Chambers,
Mellows & Stuck 1976)

e For now, only implemented for spatial diffusion
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LEVY FLIGHTS ERSITAT
IMPLEMENTATION IN CRPROPA

e B_is given by SDEParameter, e.g. PureDiffusion, DiffusionAdvection:

| o
(k)" 0 0 Yy
Bx — 27/(\'1/0{ — \/5 O (K”(—J)l/a O g
l/a
0 0 K|

e Lévy parameter is considered to be the same in parallel and perpendicular
direction to the magnetic field
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1. TESTCASE: 1D SUPERDIFFUSION
DELTA-INJECTION

RUB

Compare to distribution function f(x, )

approximated by Fourier Series by
R. Stern et al. 2013

7 Vo fx,0) = o(x)

ot

X, =X, +1/ 2k At

Gaussian distribution (line) compared to Fourier series

approximation for a = 1.5 (dashed) over time
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1. TESTCASE:

1D SUPERDIFFUSION

DELTA-INJECTION

Decaying Lévy distribution

Power-laws in space profile

SUPERDIFFUSIVE TRANSPORT -5s. AERDKER - TPIV RUB - SOPHIE.AERDKER@RUB.DE

RUHR
UNIVERSITAT
BOCHUM

12



2. TESTCASE: 1D SUPERDIFFUSION
DIFFUSION-ADVECTION AT SHOCK

Compare to distribution function f(x, ) approximated by
Fourier Series by R. Stern et al. 2013

of . of Construct time-dependent
E =KV f+ aa T 5()6), f(x,O) — 5()6) solution by summing of

pseudo-particles (e.qg.
Merten et al. 2017)

X, 1 = X, + alr + \/EKI/O‘WXAtI/“ fle, )= ) fix, AT
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DIFFUSION-ADVECTION EQUATION NV
APPROXIMATE STATIONARY STATE WITH CRPROPA

Distribution f(x, 1) of pseudo-particles at time ¢ Summed distribution of pseudo-particles f(x, 1) = th(x, AT,
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2. TESTCASE: 1D SUPERDIFFUSION lE(ll;l(I:IVHREURl\?ITAT RUB
DIFFUSION-ADVECTION AT SHOCK

N
\ éew&\[«b\et\e-
Gaussian Blusien

0 E

X

Effenberger et al. (in preparation)
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2. TESTCASE: 1D SUPERDIFFUSION RUHR

UNIVERSITAT

DIFFUSION-ADVECTION AT SHOCK e

w=2.0 =18 4 u=16 » pu=1.5 w=2.0 =18 4 u=16 % pu=1.5
¥ =19 Y u=1.7 ¥ =19 Y p=1.7

| MEXR e
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PRELIMINARY: SUBDIFFUSION
p=0.5

rajectories X(S§,) are obtained by subordination from two
independent processes: X(7), S, Magdziarz & Weron, 2007

irevpdote. K Sy gw &3
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SUMMARY & OUTLOOK UNIVERSITAT

RUB

Model superdiffuse transport with modified version ot CRPropa3.2

SDE approach to solve Fractional Fokker-Planck equation

Random numbers drawn from the a-stable Lévy distribution

Delta-injection and ditfusion-advection equation fit with Fourier series
approximation from Stern et al., 2013

Future: Distinguish between parallel & perpendicular Lévy parameter

Future: Investigate subdiffusion & combination of sub- & superdiffusion further
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RIEMANN-LIOUVILLE & RIESZ fpy—-
FRACTIONAL DERIVATIVE

RUB

1 d [’
1-p - -1
DS =t L (t = P fls)ds

|
VP (x) = — m(_o@Dx + DY )f(x)
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SUBORDINATOR &, e

BOCHUM
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FROM SKEWED a-STABLE LEVY DISTRIBUTION
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TEST SUBDIFFUSION
FROM SKEWED a-STABLE LEVY DIS
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